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SI Materials and Methods
Theorem 1. Let Λ ∈ L. Then Tν ○ Λ ∈ L if and only if ν− [Λ] ≤ ν ≤
ν+[Λ]. Moreover, if Λ∈Lνþ;ν− and Tν ○ Λ is a proper generalized
logarithm, then Tν ○ Λ∈Lνþ−ν;ν− −ν.
Proof of Theorem 1. We recall that Tν is deﬁned as Tν (x) = (1/x +
ν)−1. If there exists an x > 0 such that Λ(x) = −1/ν, then Tν ○ Λ(x)
possesses a pole where Tν ○ Λ(x) changes sign. In that case, Tν ○
Λ is neither a continuous nor a monotonically increasing func-
tion and therefore not a proper generalized logarithm. Con-
versely, if no x > 0 exists such that Λ(x) = −1/ν, then Tν ○ Λ has no
pole and is a continuous monotonically increasing function be-
cause Tν′ðxÞ ¼ ð1þ νxÞ−2 > 0 for all x. Moreover, Tν ○ Λ(1) =
0 and ðTν ○ ΛÞ′ð1Þ ¼ Tν′ð0ÞΛ′ð1Þ ¼ 1. It follows that Tν ○ Λ ∈ L.
To ﬁnd sufﬁcient conditions for Tν ○ Λ to have no such pole, we
ﬁrst look at the case ν > 0. In that case, no pole exists if
Λ ¼ minfΛðxÞj x∈ℝþg≥− 1=ν. In other words, ν≤− 1=Λ ¼
νþ½Λ. Now we turn to the case ν < 0. Then no pole exists if
Λ ¼ maxfΛðxÞj x∈ℝþg≤− 1=ν, which is to say ν≥− 1=Λ ¼ ν−½Λ.
Both cases together show that Tν ○ Λ is a continuous function
only if ν− [Λ] ≤ ν ≤ ν+ [Λ]. Finally, if Tν ○ Λ is continuous, then
max{Tν ○ Λ(x)j x ∈ ℝ+} = Tν (max{Λ(x)j x ∈ ℝ+}), i.e.,
Tν ○ Λ ¼ TνðΛÞ. Analogously, we ﬁnd Tν ○ Λ ¼ TνðΛÞ. From this,
ν−½Tν ○ Λ ¼ − 1=TνðΛÞ ¼ − 1=Λ− ν ¼ ν−½Λ− ν follows. An
analogous relation holds for ν+, which completes the proof.
Theorem 2. Suppose a map * is given on L with the following
properties: (i) *○* is the identity map; (ii) for each Λ ∈ L there
exists a ν* such that Λ* ¼ Tνp○Λ; and (iii) * commutes with scale
transformations g ∈ G [i.e., (Λ ○ g)* = Λ* ○ g]. Then * is uniquely
determined and ν* is given by
ν* ¼ νþ þ ν−; for Λ∈Lνþ ;ν− : [S1]
Furthermore, it follows from Theorem 1 that
Λ∈Lνþ;ν−⇔Λ*∈L−ν−;−νþ : [S2]
Proof of Theorem 2. The duality * on L can be constructed in the
following way. From property (ii) stated in Theorem 2 we know
there exists a functional F: L → ℝ such that Λ* = TF[Λ] ○ Λ.
From properties (i) and (ii) we also know that Λ ¼ TF½Λ* ○ Λ*.
Theorem 1 states that given Λ∈Lνþ;ν− , the condition ν+ ≥ F[Λ] ≥
ν− is necessary for Λ* to be a proper logarithm. As a consequence,
we get TF½Λ ○ Λ∈Lνþ−F½Λ;ν− −F½Λ, which further implies ν+ − F[Λ]
≥ F[Λ*] ≥ ν− − F[Λ]. Property (iii) implies that for any two log-
arithms Λ1 and Λ2 that are members of the same class Lνþ;ν− , we
get F[Λ1] = F[Λ2]. Therefore, F can only be of the form
F½Λ ¼ f ðνþ; − ν−Þ for Λ∈Lνþ ;ν− ; [S3]
where f : ℝ2þ→ℝ. Using Tν ○ Tμ = Tν+μ together with property
(i) leads to
f ðνþ; − ν−Þ ¼ − f ðνþ − f ðνþ; − ν−Þ; − ðν− − f ðνþ; − ν−ÞÞÞ: [S4]
In other words, f solves the two equations
ðaÞ f ðx; yÞ ¼ − f ðx− f ðx; yÞ; yþ f ðx; yÞÞ
ðbÞ x≥ f ðx; yÞ≥− y [S5]
for all x, y ∈ ℝ+. Eq. S5(b) immediately tells us that f (0, 0) = 0.
Consider a function y(x, z) solving the implicit equation
f ðx; yðx; zÞÞ ¼ z; [S6]
and rewrite Eq. S5(a) as
f ðx− z; yðx; zÞ þ zÞ ¼ − z: [S7]
From Eqs. S6 and S7 one gets y(x − z, −z) = y(x, z) + z. Also, f(0,
0) = 0 implies y(0, 0) = 0. By expanding yðx; zÞ ¼P∞m;n¼0 ym;nxmzn,
one gets y0,0 = 0, and for the ﬁrst order,
2 y0;1 þ y1;0 þ 1 ¼ 0: [S8]
All coefﬁcients ym,n of higher order follow equation
ym;n ¼ ð− 1Þn
Xn
k¼0

mþ k
m

ymþk;n−k: [S9]
We also expand f ðx; yðx; zÞÞ ¼P∞m;n¼1 fm;nxm yðx; zÞn ¼P∞
i;j¼1ϕi;j x
izj ¼ z. It follows that all ϕi,j = 0 except for ϕ0,1 = 1.
Because y0,0 = 0, all terms fm,nx
my(x, z)n can only contribute to
coefﬁcients ϕi,j with indices i ≥ n or j ≥ n. Comparing co-
efﬁcients order by order, one shows that only coefﬁcients of
the ﬁrst order,
f1;0xþ f0;1yðx; zÞ ¼ z; [S10]
contribute to solving Eq. S6. Thus, y(x, z) can only be of the form
y(x, z) = y1,0x + y0,1z. This, together with Eqs. S8 and S5(b),
implies x ≥ 2(y1,0x − y)/(1 + y1,0) ≥ −y. Choosing x = 0 gives 1 ≥
y1,0 ≥ −1. Setting y = 0 also implies y1,0 ≥ 1, so that the only
possible solution for y1,0 is y1,0 = 1. As a consequence of
Eq. S8, y0,1 = −1. Therefore, we have y(x, z) = x − z and f
has the unique solution f(x, y) = x − y. From this it follows that
ν* = f(ν+, −ν−) = ν+ + ν− for Λ∈Lνþ ;ν− , which means that ν*
is uniquely deﬁned. Because ν+ − ν* = −ν− and ν− − ν* = −ν+,
Theorem 1 implies that Λ∈Lνþ;ν− ⇔ Λ*∈L−ν− ;−νþ , and this
completes the proof.
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